We study the thermodynamics and the thermodynamic geometries of charged rotating BTZ (CR-BTZ) black holes in (2+1)-gravity. We investigate the thermodynamics of these systems within the context of the Weinhold and Ruppeiner thermodynamic geometries and the recently developed formalism of geometrothermodynamics (GTD). Considering the behavior of the heat capacity and the Hawking temperature, we show that Weinhold and Ruppeiner geometries cannot describe completely the thermodynamics of these black holes and of their limiting case of vanishing electric charge. In contrast, the Legendre invariance imposed on the metric in GTD allows one to describe the CR-BTZ black holes and their limiting cases in a consistent and invariant manner.
I. INTRODUCTION
An important characteristic of a black hole consists of its thermodynamic features: a Hawking temperature proportional to its surface gravity on the horizon and an entropy proportional to its horizon area [1, 2] , satisfying the first law of black hole thermodynamics [3] . However, it is still a challenging problem to find the statistical origin of black hole thermodynamics. As one knows, the divergence of the heat capacity is an indication of a second-order phase transition in ordinary thermodynamic systems. Using this fact, Davies [4] argued that phase transitions appear in black hole thermodynamics and the phase transition point is the one where the heat capacity diverges [5] .
On the other hand, several authors have proposed to include geometric concepts in order to investigate the properties of the equilibrium space of thermodynamic systems. For instance, Weinhold [6] introduced in the equilibrium space a Riemannian metric defined in terms of the second derivatives of the internal energy U with respect to entropy and other extensive variables of a thermodynamic system. Weinhold metric is given by
However, the geometry based on this metric seems to be meaningless in the context of pure equilibrium thermodynamics. In 1979, Ruppeiner [7] introduced a Riemannian metric structure in thermodynamic fluctuation theory, and related it to the second derivatives of the entropy. This geometric structure was used to find the significance of the distance between equilibrium states and to study the thermodynamics of equilibrium systems. It was observed by Ruppeiner [8, 9] that in thermodynamic fluctuation theory the Riemannian curvature of the Ruppeiner metric measures the complexity of the underlying statistical mechanical model. Ruppeiner metric is defined as
where S is the entropy, U denotes the energy and N r are other extensive variables of the system. The Ruppeiner geometry is conformally related to the Weinhold geometry [10, 11] as
where T is the temperature of the system under consideration. Eq.(3) often provides a more convenient way to compute the Ruppeiner metric.
One of the aims of the application of geometry in thermodynamics is to describe phase transitions in terms of curvature singularities and to interpret curvature as a measure of thermodynamic interaction. Since the proposal of Weinhold, many investigations have been carried out to understand the thermodynamic geometry of various thermodynamic systems.
The Weinhold and Ruppeiner geometries have been analyzed in a number of black hole families to study phase space, critical behavior, and stability properties [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . In some particular cases, it was found that Weinhold and Ruppeiner geometries carry information about the phase transitions structure. In fact, this is true in the case of the ideal gas, whose curvature vanishes, and the van der Waals gas for which the thermodynamic curvature becomes singular at those points where phase transitions occur. Unfortunately, the obtained results are contradictory in the case of black holes. For instance, for the Kerr black hole
Weinhold metric predicts no phase transitions at all [15] whereas Ruppeiner metric, with a very specific thermodynamic potential, predicts phase transitions which are compatible with the results of standard black hole thermodynamics [18] . Nevertheless, a change of the thermodynamic potential affects the Ruppeiner geometry in such a way that the resulting curvature singularity does not correspond to a phase transition. Another example is provided by the Bañados-Teitelboim-Zanelli (BTZ) black hole thermodynamics for which the curvature of the equilibrium space turns out to be flat [19] [20] [21] . This flatness is usually interpreted as a consequence of the lack of thermodynamic interaction. However, if one applies an invariant approach the resulting manifold is curved [23] .
Recently, the formalism of geometrothermodynamics (GTD) was developed in order to unify in a consistent manner the geometric properties of the phase space and the space of equilibrium states [24] [25] [26] . Legendre invariance plays an important role in this formalism.
It has been shown that there exist thermodynamic metrics that correctly describe the thermodynamic behavior of the ideal and the van der Waals gas. In fact, for the ideal gas the curvature vanishes whereas for the van der Waals gas the curvature is non-zero and diverges only at those points where phase transitions take place. Moreover, there exists a thermodynamic metric with non-vanishing curvature which correctly describes the thermodynamic properties of black holes [27] .
In fact, the problem of using Weinhold or Ruppeiner metrics in equilibrium space is that the results can depend on the choice of thermodynamic potential, i. e., the results are not invariant with respect to Legendre transformations [28, 29] . These results indicate that, in the case of black holes, geometry and thermodynamics are compatible only for a specific thermodynamic potential. However, it is well known that ordinary thermodynamics does not depend on the thermodynamic potential, i.e., it is invariant with respect to Legendre transformations. GTD incorporates Legendre invariance into the geometric structures of the phase space and equilibrium space so that the results do not depend on the choice of thermodynamic potential. The phase transition structure contained in the heat capacity of black holes [30] becomes completely integrated in the scalar curvature of the Legendre invariant metric so that a curvature singularity corresponds to a phase transition.
In the present work we investigate the Weinhold and Ruppeiner geometries of charged rotating BTZ (CR-BTZ) black holes. We show that both geometries are curved, indicating the presence of thermodynamic interaction. However, in the limiting case of vanishing electric charge certain inconsistencies appear. We also use GTD to derive a Legendre invariant metric for the CR-BTZ black holes. Our main result is that GTD correctly describes the thermodynamics of the CR-BTZ black holes and that no inconsistencies appear in the limiting cases of vanishing electric charge.
This paper is organized as follows. In Section II, we review some known facts about CR-BTZ black holes and present the main features of their thermodynamics. In Section III, we examine Weinhold and Ruppeiner geometries of the CR-BTZ black hole. We review and apply 3-dimensional GTD in Section IV. Finally, the last Section contains the conclusions.
Throughout this paper we use the units in which c = = 8G = 1.
II. THE CHARGED ROTATING BTZ BLACK HOLE
The charged rotating BTZ black hole solutions [31, 32] in (2 + 1) spacetime dimensions are particular solutions to the field equations derived from the action [32, 33] 
The Einstein field equations are given by
where T µν is the energy-momentum tensor of the electromagnetic field:
The corresponding line element for the CR-BTZ solution is
with lapse function:
Here M and J are the mass and angular momentum respectively, and Q is the charge carried by the black hole. The horizons of the CR-BTZ metric correspond to the roots of the lapse function f (r). Depending on these roots there are three cases for the CR-BTZ configuration [34, 35] : Two distinct roots r ± determine the standard CR-BTZ black holes; two repeated real roots correspond to a single horizon that determines an extreme black hole; the absence of real roots implies that no horizon exists and the configuration corresponds to that of a naked singularity. We shall investigate the first case in this work.
In terms of the exterior horizon radius r + , the black hole mass and the angular momentum are given respectively by
and
with the corresponding angular velocity on the horizon
The Hawking temperature T at the black hole horizon is
and the electric potential is given by
Furthermore, using the fundamental postulate of black hole thermodynamics, the entropy of the CR-BTZ black hole is defined as
In terms of this entropy, the corresponding thermodynamic fundamental equation and the temperature for the CR-BTZ black hole are given respectively by
The thermodynamic quantities T, S, J, Q and M obey the first law of thermodynamics
An important quantity for the analysis of the thermodynamic properties is the heat capacity of the CR-BTZ black hole [34] , C J,Q = (∂M/∂T ) J,Q , which is given by
or using the horizon radius r + as coordinate, by
From expressions (12) and (14) we conclude that the condition
must be satisfied in order for the temperature to be positive definite, a requirement which follows from the standard laws of black hole thermodynamics. From the above condition and the expression (18) , it follows that the heat capacity is always positive definite. This is an important observation which implies that a CR-BTZ black hole with a positive definite temperature must be a thermodynamically stable configuration. In fact, a change of sign of the heat capacity is usually associated with a drastic change of the stability properties of a thermodynamic system; a negative heat capacity represents a region of instability whereas the stable domain is characterized by a positive heat capacity. An alternative procedure consists in solving the equation T = 0 for r 2 to obtain
and introducing this solution into the equation f (r) = 0 to obtain the value of the mass at this radius, i. e.,
where we replaced J 2 by using the definition of the auxiliary parameter η. Now the question is whether the last expression represents a physical mass, i.e. whether it is positive. A numerical analysis shows that for any value η > 1, a condition that follows from the definition of η, there always exists a combination of values for Q and l such that M is positive. Figure   2 shows an example of the behavior of the mass for a fixed value of the parameter l. We conclude that the limit T → 0 indeed corresponds to an extreme black hole. 
III. WEINHOLD AND RUPPEINER GEOMETRIES
Now we construct the thermodynamic geometry of the CR-BTZ black hole by using the Weinhold metric (1). In this case the extensive variables are N r = {J, Q} so that the general Weinhold metric becomes
and in the special case of the CR-BTZ black hole we have
The corresponding scalar curvature is given by
The general behavior of the scalar curvature for the Weinhold geometry is illustrated in We now investigate the limiting case of a vanishing charge. The additional extensive variable in this case is N r = {J} so that the Weinhold metric reduces to
and the corresponding scalar curvature becomes
We see that there exists a true curvature singularity at the value S 4 = 64 π 4 J 2 l 2 that, according to Eq. (20) with Q = 0, corresponds to the the limit of vanishing temperature or, equivalently, to the extreme black hole limit. This result shows that the Weinhold thermodynamic curvature in this case correctly describes the transition from a region with positive and well-defined temperature to a region with an unphysical negative temperature.
This is in contrast to what we obtained in the case of a charged black hole in which the
Weinhold thermodynamic curvature is not able to recognize the transition to an extreme black hole with zero temperature.
Let us now consider the Ruppeiner geometry. A direct computation of the Ruppeiner metric (2) cannot be performed because it is not possible to rewrite explicitly the fundamental equation (15) in the the form S = S(M, J, Q). Nevertheless, if we assume the invariance of the line element under a change of thermodynamic potential, the relationship (3) can be used to derive the Ruppeiner metric from the Weinhold metric. Then, we obtain
The corresponding thermodynamic curvature scalar R R turns out to be nonzero, i.e., the space of its thermodynamic equilibrium states is non-flat. The explicit form of R R cannot be written in a compact form. Therefore, we perform a numerical analysis of its behavior and the result is illustrated in Figure 4 .
The singularity located at r + ≈ 1.79 represents the limit for which the heat capacity vanishes and the temperature becomes negative. This shows that the Ruppeiner thermodynamic curvature describes correctly the behavior of the CR-BTZ black hole. In the limiting case of a vanishing charge, it is possible to rewrite the fundamental equation (9) as S = S(M, J) in the following manner
so that the Ruppeiner metric can be computed by using the definition (2). Then
where
A straightforward calculation shows that the curvature of this metric vanishes identically, indicating the absence of thermodynamic interaction, i.e., the thermodynamic variables M and J do not generate thermodynamic interaction. This is a peculiar result because, as we have seen above, the Ruppeiner geometry correctly describes the thermodynamic behavior of the CR-BTZ black hole. This implies that only the charge Q acts as a source of thermodynamic interaction in the Ruppeiner geometry. It seems that there is no specific reason for the existence of this difference between thermodynamic variables of this particular black hole configuration.
IV. GEOMETROTHERMODYNAMICS OF THE CR-BTZ BLACK HOLE
In order to describe a thermodynamic system with n degrees of freedom, we consider in GTD the thermodynamic phase space which is defined mathematically as a Riemannian contact manifold (T , Θ, G), where T is a (2n+1)−dimensional manifold, Θ defines a contact structure on T and G is a Legendre invariant metric on T . The space of equilibrium states is an n-dimensional Riemannian manifold (E, g), where E ⊂ T is defined by a smooth mapping ϕ : E → T such that the pullback ϕ * (Θ) = 0 and a Riemannian structure g is induced naturally in E by means of g = ϕ * (G). It is then expected in GTD that the physical properties of a thermodynamic system in a state of equilibrium can be described in terms of the geometric properties of the corresponding space of equilibrium states E [24] .
To be more specific we introduce in the phase space T the set of independent coordinates
a ) with A = 0, ..., 2n and a = 1, ..., n, where Φ represents the thermodynamic potential, and E a and I a are the extensive and intensive thermodynamic variables, respectively. Consider the Legendre-invariant Gibbs 1-form
The pair (T , Θ) is called a contact manifold [37] if T is differentiable and Θ satisfies the condition Θ ∧ (dΘ) n = 0. Legendre invariance [38] guarantees that the geometric properties of G do not depend on the thermodynamic potential used in its construction.
The smooth mapping ϕ : E → T is given in terms of coordinates as ϕ :
a (E a )}. Consequently, the condition ϕ * (Θ) = 0 can be written as the
which in ordinary thermodynamics correspond to the first law of thermodynamics and the conditions for thermodynamic equilibrium, respectively. In thermodynamics φ(E a ) is known as the fundamental equation from which all the equations of state of the system can be derived [39] . The second law of thermodynamics is implemented in GTD as the convexity condition ∂ 2 Φ/∂E a ∂E b ≥ 0. Furthermore, the Euler and Gibbs-Duhen identities can be expressed as Φ = δ ab I a E b and δ ab E a dI b = 0, respectively.
For the geometric description of the thermodynamics of the CR-BTZ black hole in GTD,
we first introduce the 7-dimensional phase space T with coordinates M, S, J, Q, T, Ω and φ, a contact 1-form
which satisfies the condition Θ ∧ (dΘ) 3 = 0, and a Legendre invariant metric
This particular metric is a special case of a metric used in [23] to describe the region of positive temperature of the BTZ black hole.
Let E be a 3-dimensional subspace of T with coordinates E a = (S, Q, J), a = 1, 2, 3, defined by means of a smooth mapping ϕ : E → T . The subspace E is called the space of equilibrium states if ϕ * (Θ) = 0, where ϕ * is the pullback of ϕ. Furthermore, a metric structure g is naturally induced on E by applying the pullback on the metric G of T , i.e., Eqs. (11)- (13). Moreover, the induced metric
determines all the geometric properties of the equilibrium space E. In the above expression we used the Euler identity to simplify the form of the conformal factor. In order to obtain the explicit form of the metric it is only necessary to specify the thermodynamic potential M For the CR-BTZ black hole, using the fundamental equation M = M(S, J, Q) given in Eq. (15), the thermodynamic metric can be written as temperatures by a true curvature singularity. The third singularity located at ln r + = 0 can be interpreted as a critical point that is not determined by the heat capacity (19) . In fact, at r + = 1 the second derivative of the mass ∂ 2 M/∂Q 2 = 0, indicating either the transition into a region of instability or a second order phase transition. The singular behavior of the GTD scalar curvature is illustrated in Figure 5 .
Let us now consider the limiting case of vanishing charge. The geometrothermodynamic metric reduces to
and the corresponding scalar curvature can be written as
The behavior of this scalar and the temperature is depicted in Figure 6 . It follows that in general a curvature singularity appears when the condition S 4 − 64 π 4 J 2 l 2 = 0 is satisfied which, according to Eq.(16) with Q = 0, corresponds to a zero temperature. We conclude that the invariant metric proposed in GTD correctly describes the limiting case of a neutral BTZ black hole.
In this work, we analyzed the thermodynamics and the thermodynamic geometry of the charged rotating Bañados-Teitelboim-Zanelli (CR-BTZ) black hole. By considering the behavior of the heat capacity and the Hawking temperature, we found that this black hole configuration is free of phase transitions and stable. In fact, the instability region is characterized by a non-physical negative temperature. Moreover, we performed a numerical analysis which shows that in the limiting case of zero temperature the black hole becomes extreme.
We analyzed the thermodynamic geometry based on the Weinhold metric and found that the corresponding thermodynamic curvature is free of singularities in the entire equilibrium manifold. This result is not in accordance with the analysis of the behavior of the heat capacity and the Hawking temperature that indicates the presence of an unphysical region with negative temperature for r + ≤ 1.79 (the additional parameters are chosen as l = 1, J = 1 and Q = 2). We conclude that Weinhold geometry does not describe correctly the thermodynamic geometry in this specific case. However, in the limiting case of a vanishing electric charge there exists a true curvature singularity that is located at the point where the temperature vanishes. It is not clear why the presence of an electric charge cannot be handled correctly in the context of the Weinhold thermodynamic metric.
Although it is not possible to calculate explicitly the Ruppeiner metric, it can be derived from the Weinhold metric by using a conformal transformation with the inverse of the temperature as the conformal factor. A numerical analysis of the Ruppeiner thermodynamic curvature shows that it is smooth and well-behaved in the region r + > 1.79, with a true curvature singularity situated at r + ≈ 1.79. This is exactly the value of the horizon radius at which the Hawking temperature vanishes. We interpret this result as indicating that the Ruppeiner geometry correctly describes the thermodynamics of the CR-BTZ black hole.
However, in the limiting case of vanishing electric charge the Ruppeiner metric turns out to be flat. Since a vanishing thermodynamic curvature is usually interpreted as indicating the absence of thermodynamic interaction, it is not clear why Ruppeiner geometry correctly describes the thermodynamics of the CR-BTZ black hole but fails in the limiting neutral case.
Finally, we analyzed the properties of a Legendre invariant metric proposed in the context of geometrothermodynamics (GTD). In this case, the curvature can be calculated explicitly and it turns out that it possesses a true curvature singularity at those points where the Hawking temperature vanishes. In the entire region where the CR-BTZ black hole corresponds to a stable thermodynamic system with no phase transition structure, the thermodynamic curvature of GTD is described by a smooth function of all the thermodynamic variables.
In the limiting case of vanishing electric charge, the metric proposed in GTD is also able to correctly describe the thermodynamic properties of the black hole configuration in the sense that it is finite and smooth in the region where the black is stable, but possesses a true curvature singularity at the point where the temperature vanishes. Since the Weinhold and
Ruppeiner metrics are not invariant with respect to Legendre transformations, we conclude that the Legendre invariance imposed in the context of GTD is an important property to describe geometrically the thermodynamics of black holes without intrinsic contradictions.
